In this letter, unlike the previous work in [2], the optimal power allocation in a non-orthogonal, amplify-and-forward (AF) relayassisted transmission is investigated in the uplink. Here, the inter-userinterference among the signals from MTs and relays exists due to non-zero interference suppression factor (ISF), i.e., finite spreading factor. In this letter, we show that the optimal solution to achieve a 'max-min fairness' among mobile terminals can be alternatively obtained by solving its inverse problem. The impact of various ISFs as well as the Jain's fairness is investigated in comparison with the equal power allocation.
Introduction
Recently, relays have been widely considered as an upgrade for future wireless networks to achieve capacity enhancement and coverage extension. There are two representative strategies for realizing this, namely, amplify-and-forward (AF) and decode-and-forward (DF) [1] . Owing to the simplicity in operation, the AF strategy is more attractive compared with the DF strategy. Based on the manner of transmission among relays, the AF relay schemes can be further classified into orthogonal or non-orthogonal schemes [2] . For the orthogonal AF scheme, only one relay transmits its signals exclusively in either time slot or frequency band. In the case of non-orthogonal AF scheme, all the relays are allowed to simultaneously transmit their signals in the same time and frequency bands.
A 'max-min fairness' intends to treat all the mobile terminals (MTs) as fairly as possible, meanwhile making the minimum transmission rate among all the MTs as large as possible. Previous works like the one detailed in [3] , have demonstrated that the fairness among MTs for data transmission could be improved greatly by considering power resource management, e.g., increasing the minimum trans- mission rate among MTs via power allocation. In addition, the operation efficiency and fairness of cellular and/or ad-hoc networks can be improved with the aid of relay(s). Thus, as multiple relays come into play, efficient power resource management at each relay becomes a critical issue and numerous researches have been conducted for AF relay assisted networks [2] , [4] - [7] . Among all these previous researches, the non-orthogonal AF relaying schemes detailed in [1] , [2] , [7] seem more interesting than the orthogonal cases owing to the potential enhancement of spectrum efficiency.
For data transmission from a single source to one particular destination via multiple non-orthogonal AF relays, the best relay selection algorithm was found to be the one that maximized the transmission rate for the unicast. Here, all the available power was allocated to a single relay with the best channel quality [1] . A Lloyd's algorithm based beam-forming scheme in [7] has showed that nonorthogonal AF relaying could outperform the orthogonal AF relaying in terms of ergodic capacity. However, the fairness of data transmission among multiple sources was not taken into consideration in [1] , [7] . By simply neglecting the interference among the signals from relays, an optimal power allocation algorithm was introduced to maximize the minimum transmission rate among MTs, for downlink transmission, in a non-orthogonal AF relay assisted network [2] . However, the assumption of perfect interference suppression is rather impractical in realistic scenarios. Also, the interuser-interference among the signals from MTs or relays exists for the uplink transmission, depending on their interference suppression capability, e.g., finite spreading factor.
In this letter, we consider an uplink data transmission from MTs to the base station (BS) via multiple nonorthogonal AF relays, where different signals are transmitted at MTs with a finite spreading factor. Since multiple sources are transmitting signals at the same time in the uplink the signals of MTs interfere with each other. Due to the imperfect interference suppression, the inter-userinterference among the received signals at relays and the BS becomes unavoidable. This is different from the assumption in [2] . We first formulate a problem that aims at maximizing the minimum rate among all the MTs for achieving max-min fairness. The max-min fairness is hard to solve due to its non-linear objective function. We find that even with non-negligible interferences, among the signals from MTs and relays, there still exits an inverse problem for the original problem. Thus, we obtain the optimal solution for Copyright c 2013 The Institute of Electronics, Information and Communication Engineers the original problem by solving its inverse problem using a simple binary search method. The impacts of interference suppression factor and power constraint on the performance are compared with the equal power allocation scheme, as well as the Jain's fairness scheme.
System Model and Problem Formulation

System Model for Non-orthogonal AF Relay Assisted
Uplink Transmission Figure 1 describes the system model for a non-orthogonal AF relays assisted uplink data transmission. K MTs simultaneously transmit different messages to the BS via M relays. The transmit power at the m-th (m = 1, 2, · · · , M) relay is denoted by P m r and the transmit power at each MT is fixed at P s . The independent and identically distributed (i.i.d.) slow Rayleigh fading channel is assumed to be between the BS, relays and MTs. β m,k and α m denote the instantaneous channel gain from the k-th MT to the m-th relay and that from the m-th relay to the BS, respectively. This instantaneous channel gain could be due to fading, path loss, and/or shadowing. The single-side power spectrum density of AWGN at each receiver is denoted by N and there is no direct path from the MTs to the BS due to shadowing or the long distance between them.
A conventional half duplex AF relaying is adopted, in which two phases with identical time duration exist, namely, phase 1 and 2 as shown in Fig. 1 . In phase 1, MTs simultaneously transmit different signals and the relays receive them. Then, in phase 2, BS receives signals from AF relays and detects each signal from the different MTs. Delay diversity can be used to combine signals from relays; it is assumed that the transmitted signals from relays may arrive at the BS with different delays. The BS can then coherently combine all the received signals along the paths by using a Rake receiver with maximum ratio combining, the received signal to interference plus noise ratio (SINR) for the data from the k-th MT, SINR k after combining can be given as [2] Fig. 1 Non-orthogonal AF relays assisted uplink transmission. . ISF depends on the interference suppression capability, e.g., the cross-correlation between the codes for the k-th MT and thek-th MT in CDMA systems. In this paper, we assume that the ISF for any two MTs are the same. The transmission rate for the k-th MT, C k , can simply be denoted by C k = 0.5 log 2 (1 + SINR k ).
Problem Formulation
In order to achieve a max-min fairness among MTs for the uplink data transmission via multiple non-orthogonal AF relays, the original problem can be formulated as in (2a)-(2c). Note that maximizing the minimum of C k is equivalent to maximizing the minimum SINR k among MTs. This is because C k is a monotonically increasing function of SINR k . So the objective function in (2a) is designed for maximizing the minimum of SINR k , which is a function of P, among K MTs by optimally allocating the power to the relays.
where
] denotes the power allocation vector at relays. For some relays with poor link quality, the allocated power can be zero, which implies that such a relay is not selected for retransmission. Constraints (2b) and (2c), respectively, represent the total power constraint at relays and the nonnegative power utilization for each of them. In order to control the total received power at the receiver or the interference with the neighbor cell or cluster, with multiple transmitters or relays in one cell, the sum power constraint at relays is considered instead of the individual power constraint in this letter.
With an auxiliary variable, γ, as a target SINR, we can alternatively express the problem in (2a)-(2c) as
where Φ (P C ) represents a function for finding the maximal γ with a given sum power at relays, P C , under the constraints given by (3b)-(3d).
Proposed Power Allocation Algorithm
Due to the nonlinear objective function of (2a), the problem in (3a)-(3d) is difficult to solve directly. Alternatively, we now try to get the optimal solution for (3a)-(3d) by solving a power minimization problem as:
The problem in (4a)-(4d) intends to find the minimum sum power consumption at relays P C , for a given target SINR, γ. Moreover, even with inter-user-interference due to finite SF, there still exists an inverse relation between optimization problems in (3a)-(3d) and (4a)-(4d). Proposition 1 is given as follows:
Proposition 1: The problem in (3a)-(3d) and the problem in (4a)-(4d) are inverse problems, in which Φ (P C ) and Ψ (γ) are strictly monotonically increasing continuous functions with respect to their variables P C and γ. Thus, conditions mentioned in (5) are satisfied.
Proof: Though an imperfect ISF for uplink transmission is considered compared with [2] , we still find a similar relation between Φ (P C ) and Ψ (γ) as also in [2] , where the related proof is straightforward as in [2] and is therefore omitted in this letter. Proposition 1 implies that the optimal solution for (3a)-(3d) can be alternatively obtained by solving the problem in (4a)-(4d). In addition, the constraint (4b) for the k-th (k = 1, 2, · · · , K) MT can be easily transformed into a linear inequality constraint of P m r . Thus, the problem in (4a)-(4d) turns out to be a simple linear programming (LP) problem.
Owing to the monotonicity and continuity of Ψ (γ), the optimal solution for (4a)-(4d) can be very much obtained by using derivative-free linear search methods, such as a binary search method [2] . The optimal power allocation algorithm (OPA) is proposed and described as following:
Optimal power allocation algorithm (OPA) 1) Report channel gains α m and β m,k to the BS. 2) Initialization:
• Set γ U = P Cβ /N, and γ L = 0, whereβ = max ∀m,k β m,k .
• Set a constant coefficient, ε, as a small positive value.
3) Iterative loops for the optimum power allocation vector at relays,
• Solve problem in (4a)-(4d) by LP to get P * .
• Update γ U and γ L .
-If
BS informs relays of allocated power vector, P * .
Simulations and Results
For conducting simulations, we considered the following environment: 4 MTs simultaneously transmit different messages to the BS via 3 non-orthogonal AF relays. BS, relays, and MTs are all deployed within a 2-dimensional region having an area of 500 m × 500 m. The relays were fixed at the coordinates given by (250, 0), (250, 250), and (250, 500) inside the above mentioned area. The BS and MTs were randomly placed on the left and opposite sides of the relays. For simplicity, a simple path loss model of d −3 , where d is the Euclidean distance in meters between transmitting and receiving devices, was considered and shadowing was not considered. The transmit power at MTs were fixed at 20 dBm. The AWGN powers at relays and MTs were assumed to be identical with N = −50 dBm. In addition, the equal power allocation algorithm (EPA) was also considered for comparison purposes, i.e., P m r = P C /M. ε = 0.001 was chosen and the software package in [8] was utilized for solving the LP problems. Figure 2 shows the average minimum transmission rate among MTs with different ISFs for both OPA and EPA, where a lower ISF means a smaller inter-user-interference. For high ISFs, the minimum transmission rate among MTs depends on the interference among the signals from MTs and relays as well as the amplified noise at relays. However, for lower ISFs, the interference can be better suppressed even for the EPA. Also, now the amplified noise from re- lays dominates the received SINR. So, the minimum transmission rates for both EPA and OPA become larger as ISF decreases. Owing to the effective power allocation, for reducing both interference and amplified noise in case of a high ISF, a higher performance gain in percentage can be observed for the OPA. For example as shown in the graph, 48% of that of the EPA when ISF=1. This performance gain is decreased to 23% when ISF=0 as also shown in the graph. Figure 3 compares the average minimum transmission rates among MTs for both EPA and OPA with different P C . As an optimal algorithm, the OPA outperforms the EPA in the full range of P C . Since the received SINR k is a monotonically increasing function of P C , as proved in proposition 1, the minimum transmission rate among MTs is increased with P C for both EPA and OPA. However, owing to the power allocation with full CSI, the minimum transmission rate among MTs in OPA increases more sharply than that in the EPA. So, with a higher P C , a larger gap between OPA and EPA can be observed. For example, when P C = 0 dBm, a slight gap between EPA and OPA exists and this gap further increases up to 0.16 bps/Hz when P C = 55 dBm. In addition, the diversity gain for non-orthogonal AF relaying depends on the weak side of link qualities between MTrelays and relays-BS [2] . Thus, with a small and fixed transmit power at MT, e.g., P s = 20 dBm, the performances of both OPA and EPA become saturated at a larger P C , e.g., P C > 55 dBm, respectively. Figure 4 shows the average as well as the instantaneous Jain's fairness index (JFI) for both OPA and EPA [9] . If JFI is closer to 1, it means that the algorithm provides more fairness to MTs. 50 simulations were independently performed for the case when M=3 and K=4 for both OPA and EPA. OPA achieves a better fairness than the EPA. For example, JFI=0.915 for OPA and JFI=0.6 for EPA as can be seen from Fig. 4 .
Conclusions
In this letter, we proposed an optimal power allocation algorithm to maximize the minimum transmission rate among MTs, in a non-orthogonal AF relay assisted uplink transmission. We were able to achieve this by using its inverse problem, where inter-user-interference is taken into account. Simulation results demonstrated that the OPA always outperforms the EPA when full range of interference suppression factor is considered. Also, a higher performance gain in percentage could be achieved at larger ISFs. In addition, a better fairness is achieved by the OPA, compared with EPA.
